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Example: Empirical Risk Minimization

N
z) = %> (b, h(as;x))
i=1

i-th data sample: a; € A - feature vector,
b; € B -target variable
h(a;x): A x RY — B - ML model,
parameterized by vector z € R?

2(b,b'): B x B— R -loss function

Perform iterative updates using f(zy) and V f(zy)
Simplest example - GD: z;41 = xx — nV f(zk), n > 0 - stepsize
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min f(z)

z€R4

f(x) = convex function

Why Convexity?
Inspiration for efficient optimization methods: GD with momentum, AdaGrad/Adam, etc.

Deep neural networks may adhere to convexity or its relaxations (star/quasar convexity) in
practice (Kleinberg et al., 2018; Zhou et al., 2019)

It is not possible to obtain meaningful convergence guarantees with respect to the
objective function gap, f(z) — f* < ¢, in the general non-convex case; only first-order
stationarity, |V f(z)|| < ¢, can be guaranteed
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Gradient Descent

Tk+1 — Tk — l//Vf(fEk)

Slow O(1/k) rate for L-smooth convex functions
Improved O(1/k?) rate if Nesterov acceleration is used (Nesterov, 1983)

Issues with GD and Accelerated GD:

¢ Globally with hyperparameter tuning
¢ At each iteration with line-search
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Issues with parameters 7, and ay: Tpt1 =Tk — MV f(Th41)

cyclicdependency: iy < Tyy1 < oy Nk




Problem: How to Choose n;, and a;.?

Restrictions on 7, and oy, (from analysis)
Upper bound on the stepsize n;:
vl —«
M < v~ ax) - A(Zg, Th11)
Qg

Parameters 7, and a, must satisfy the following:

Issues with parameters 7, and ay:

cyclicdependency: iy <— Tg41 < Q< Nk
e Liand Lan (2025) choose ay, = 2/(k + 2) in AC-FGM

Local Curvature Estimator
IV f(x) = V()|

Az, 2') =

GRAAL + Acceleration
Tpy1 = i + (1 — o) Tp
Zrt1 = Tht1 + 0(Tp41 — k)
Tht1 = Tk — MV [ (Trt1)



Solution: Additional Coupling Step

Local Curvature Estimator
IV f(z) = V)|

Az, 2') =

GRAAL + Acceleration
Tit1 = Qplp+—07%)T)

Zrt1 = Tht1 + 0(Tp+1 — Tk)
Trr1 = T — MV f(Trt1)



Solution: Additional Coupling Step

Additional Coupling Step Local Curvature Estimator
IV f(x) = V()|

Az, 2') =

GRAAL + Acceleration
Tht1 = Qplp+—07%)T)

Zrt1 = Tht1 + 0(Tp+1 — k)
Thr1 = T — MV f(Trt1)



Solution: Additional Coupling Step

Additional Coupling Step

Update 71 as follows:
Tpy1 = B + (1 — Br) Tk
T = apTy + (1 = Ozk).fk
where oy, i, € (0, 1]

Local Curvature Estimator
2D ¢ (z;2)

ANr.z) = — —— S/
A IV f(x) = V()|

GRAAL + Acceleration
Tht1 = Qplp+—07%)T)

Zrt1 = Tht1 + 0(Tp+1 — k)
Thr1 = T — MV f(Trt1)



Solution: Additional Coupling Step

Additional Coupling Step

Update 71 as follows:
Tpy1 = B + (1 — Br) Tk
Tk = apdi + (1 — ag )Tk
where oy, i, € (0, 1]
replace V f(Z11) — Vf(Zx)

Local Curvature Estimator
2D ¢ (z;2)

ANr.z) = — —— S/
A IV f(x) = V()|

GRAAL + Acceleration
Tht1 = Qplp+—07%)T)

Zrt1 = Tht1 + 0(Tp+1 — k)
Thr1 = T — MV f(Trt1)



Solution: Additional Coupling Step

Additional Coupling Step Local Curvature Estimator

Update 71 as follows: 2D (x; )

Tpy1 = B + (1 — Br) Tk
T = apTy + (1 = Ozk).fk
where ay, 81, € (0,1] Accelerated GRAAL

replace Vf(Zp+1) — Vf(Zx) Ty = ap®p + (1 — ag)Txk
ZTk+1 = BrZTr + (1 — Bk )Tk
Tr1 = Tht1 + 0(Tt1 — k)
Tpp1 = xp — eV (21)

A(z,x") = W




Solution: Additional Coupling Step

Choosing ay, 8k, and 7, (from analysis) Local Curvature Estimator
2D (x; )

ANr.z) = — —— S/
A IV f(x) = V()|

Accelerated GRAAL
Ty = ap®p + (1 — ag)Txk
Trit = Bede + (1 — Bu)Tk
Tr1 = Tht1 + 0(Tt1 — k)
Tpp1 = xp — eV (21)



Solution: Additional Coupling Step

Choosing ay, 8k, and 7, (from analysis)
Parameters a4, Bk, and 7, satisfy the following:

Nk < Nk—1
opfr T op—1Br—1

k
to < < He=) n
=0

Local Curvature Estimator
IV f(x) = V()|

Az, 2') =

Accelerated GRAAL
Ty = ap®p + (1 — ag)Txk
Trit = Bede + (1 — Bu)Tk
Tr1 = Tht1 + 0(Tt1 — k)
Tpp1 = xp — eV (21)



Solution: Additional Coupling Step

Choosing ay, 8k, and 7, (from analysis)
Parameters a4, Bk, and 7, satisfy the following:

Nk < Nk—1
opfr T op—1Br—1

Hence, choose i, = ni. /(o Hy)

k
to < < He=) n
=0

Local Curvature Estimator
IV f(x) = V()|

Az, 2') =

Accelerated GRAAL
Ty = ap®p + (1 — ag)Txk
Trit = Bede + (1 — Bu)Tk
Tr1 = Tht1 + 0(Tt1 — k)
Tpp1 = xp — eV (21)



Solution: Additional Coupling Step

Choosing ay, 8k, and 7, (from analysis)
Parameters a4, Bk, and 7, satisfy the following:
OZZZk; = 041:—7115;—1
Hence, choose i, = ni. /(o Hy)
How to choose «y, € (0,1] and ensure g, € (0, 1]?

k
to < < He=) n
=0

Local Curvature Estimator
IV f(x) = V()|

Az, 2') =

Accelerated GRAAL
Ty = ap®p + (1 — ag)Txk
Trit = Bede + (1 — Bu)Tk
Tr1 = Tht1 + 0(Tt1 — k)
Tpp1 = xp — eV (21)



Solution: Additional Coupling Step

Choosing ay, 8k, and 7, (from analysis)
Parameters a4, Bk, and 7, satisfy the following:
OZZZk; = 041:—7115;—1
Hence, choose i, = ni. /(o Hy)
How to choose «y, € (0,1] and ensure g, € (0, 1]?
Restrictions on stepsize 7y:

M < (14 7)Nk-1
VHk_

k
to < < He=) n
=0

N < 2 min{A(Zx, ), AT, Tr1)}

Nk—2

Local Curvature Estimator
IV f(x) = V()|

Az, 2') =

Accelerated GRAAL

Ty = ap®p + (1 — ag)Txk
Trit = Bede + (1 — Bu)Tk
Tr1 = Tht1 + 0(Tt1 — k)
Tpp1 = xp — eV (21)



Solution: Additional Coupling Step

Choosing ay, 8k, and 7, (from analysis)
Parameters a4, Bk, and 7, satisfy the following:
OZZZk; = 041:—7115;—1
Hence, choose i, = ni. /(o Hy)
How to choose «y, € (0,1] and ensure g, € (0, 1]?
Restrictions on stepsize 7y:

M < (14 7)Nk-1
VHk_

k
to < < He=) n
=0

N < 2 min{A(Zx, ), AT, Tr1)}

Nk —2
Choose oy, € (0, 1] adaptively as follows:

1 _
oy = (14 7)7k—1

= = € (0,1
Hy 1+ (1 +7y)nk_1 b e (01]

Local Curvature Estimator

2D (x; )

\ .’7..’7/\ — T =
M) = 976 - Vi@
Accelerated GRAAL
IN/ = (\;,,?,‘/,. + (l - (l/‘.).f'/‘.
.7'/‘.4,1 = ))/?/ + (l — j/)?/

41 = Tp1 + 0(r11 — 1)
Tre1 = 2 — MV f(Zr)



Solution: Additional Coupling Step

Choosing ay, 8k, and 7, (from analysis) Local Curvature Estimator

Parameters a4, Bk, and 7, satisfy the following: Az, ') =

Mk < Mke—1
arfBr T ap—1Pk-1
Hence, choose i, = ni. /(o Hy)
How to choose «y, € (0,1] and ensure g, € (0, 1]?
Restrictions on stepsize 7y:

M < (14 7)Nk-1
I/Hk_

k
+77k§'-'§Hk=Z7h
i=0

Accelerated GRAAL

Ty = ap®p + (1 — ag)Txk
Tht1 = BrZr + (l — f/)f/
Tr1 = Tht1 + 0(Tt1 — k)
Trr1 = Tk — MV (Tr)

N < 2 min{A(Zx, ), AT, Tr1)}

Nk —2
Choose oy, € (0, 1] adaptively as follows:
__ (O +v)ma
Hi—1+ (1 + )01
Implementable: no cyclic dependencies

= [r € (0, 1]

Ak



Accelerated GRAAL: Convergence Analysis

Accelerated GRAAL Stepsize Local Curvature Estimator
- vHy—2 A o) = — @)
= mind (19, T | ) = 7 - v @]

Hy =" mi,  Ax = min{A(Z, ), A(Z, Fr_1)}

Accelerated GRAAL

Ty = apdp + (1 — o) Ty,
Trt1 = BrZr + (1 — Be) T
Tpt1 = Thy1 + 0(Thy1 — k)
Tpr1 = Tk — MV (Tk)



Accelerated GRAAL: Convergence Analysis

Accelerated GRAAL Stepsize Local Curvature Estimator
. vHy_ oM \ 2D (x; )
"= mm{“ SIS } M) = 1970 — Vi@

Hy =Y oni, Ax = min{A(Zx, 31), ATk, Fr1)}

Accelerated GRAAL

Theorem 1 (Borodich and Kovalev, 2025) Ty = apdp + (1 — o) Ty,
Try1 = Brr + (1 — Br) s
) , Tpt1 = Tp1 + 0(Tr11 — 1)
sler —zl|* + Hx 1 (f(Tx) — f(x)) Tpt1 = xp — eV (Zk)

< Lm0 — 21 + CHLRE ||V £ (o) |2

There exist universal constants 0, ~, v > 0 such that



Accelerated GRAAL: Convergence Analysis

Accelerated GRAAL Stepsize Local Curvature Estimator
. , VvHy oA )Df(‘T': I/)
& :mm{“ *”"’““nk-z} AT = 1976 - Vi)

Hy =Y oni, Ax = min{A(Zx, 31), ATk, Fr1)}

Accelerated GRAAL

Theorem 1 (Borodich and Kovalev, 2025) T = apdp + (1 — o) Ty,
Try1 = Brr + (1 — Br) s
) , 41 = Tp1 + 0(zr11 — 1)
sler —zl|* + Hx 1 (f(Tx) — f(x)) Tpt1 = x — eV (Zk)

< Lm0 — 21 + CHLRE ||V £ (o) |2

There exist universal constants 0, ~, v > 0 such that

me < (1+7)*n0




Accelerated GRAAL: Convergence Analysis

Accelerated GRAAL Stepsize Local Curvature Estimator

vH oAy A(z, x’ M
} A, IVf(z) = V()]

Ukzmin{( + V)Mk—1, "
=7

Hk = Zf:oniv Ak = mm{A(Jck,xk) (xk,ik_l)}
Accelerated GRAAL
Theorem 1 (Borodich and Kovalev, 2025) T = apdp + (1 — o) Ty,
Try1 = Brr + (1 — Br) s
. ) ) Eht1 = Thp1 + 0(Tp41 — k)
sler —zl|* + Hx 1 (f(Tx) — f(x)) Tpt1 = x — eV (Zk)
< $llzo — @l|* + LH2RE NV £(o)|?

There exist universal constants 0, ~, v > 0 such that

me < (1+7)*n0

« ]\
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Yandex Research

Convergence Analysis
for (Lg, L1)-Smooth
Functions




(Lo, L1)-Smooth Functions

Local Curvature Estimator
2Dy (x; )
IV f(x) = V[l

Az, 2') =

Accel. GRAAL Parameters

A4+ 1k—1
Hy—1+(1+7)nk—1
Ar = min{A(Zx, Zx), ATk, Tr—1)}
vHi oA
Nk—2

Q =

e = miﬂ{(l +¥) k-1,
k
Hy=3_omi» Br= 355




(Lo, L1)-Smooth Functions

(Lo, L1)-Smoothness (Zhang et al., 2019)
IV2f ()]l < Lo + L1 ||V f ()]

Local Curvature Estimator
2Dy (x; )
IV f(x) = V[l

Az, 2') =

Accel. GRAAL Parameters

A4+ 1k—1
Hy—1+(1+7)nk—1
Ar = min{A(Zx, Zx), ATk, Tr—1)}
vHy oAy
Mk —2

Q =

Nk = miﬂ{(l + )15
k
Hy = Zi:om, Br = a;”f{k




(Lo, L1)-Smooth Functions

(Lo, L1)-Smoothness (Zhang et al., 2019)
IV2f ()]l < Lo + L1 ||V f ()]

Covers L-smooth functions (Lo = L, L; = 0)

Local Curvature Estimator
2Dy (x; )

Az, 2') = m

Accel. GRAAL Parameters

A4+ 1k—1
Hy—1+(1+7)nk—1
Ar = min{A(Zx, Zx), ATk, Tr—1)}
vHy oAy
Mk —2

Q =

Nk = miﬂ{(l + )15
k
Hy = Zi:om, Br = a;”f{k




(Lo, L1)-Smooth Functions

(Lo, L1)-Smoothness (Zhang et al., 2019) Local Curvature Estimator

IV2f (@)l < Lo + L1 [V £ ()] o) = — 2Dr@a)
% o+ L1 T Az, z") V(@) - Vi@

Covers L-smooth functions (Lo = L, L; = 0)
More realistic than L-smoothness Accel. GRAAL Parameters

A4+ 1k—1
Hy—1+(1+7)nk—1
Ar = min{A(Zx, Zx), ATk, Tr—1)}
vHy oAy
Mk —2

Q =

Nk = miﬂ{(l + )15
k
Hk: = Zi:Oni? 6k = azlf-lk




(Lo, L1)-Smooth Functions

(Lo, L1)-Smoothness (Zhang et al., 2019)
IV2f ()]l < Lo + L1 ||V f ()]

Covers L-smooth functions (Lo = L, L; = 0)
More realistic than L-smoothness

Examples

Local Curvature Estimator
2Dy (x; )
IV f(x) = V[l

Az, 2') =

Accel. GRAAL Parameters

A4+Y)1k—1
Hy—1+(1+7)nk—1
A = min{A(Zx, Zx), ATk, Tr—1)}
vHy oAy
Mk —2

Q =

Nk = miﬂ{(l + )15
k
Hy = Zi:om, Br = a;”f{k




(Lo, L1)-Smooth Functions

(Lo, L1)-Smoothness (Zhang et al., 2019)
IV2f ()]l < Lo + L1 ||V f ()]

Covers L-smooth functions (Lo = L, L; = 0)
More realistic than L-smoothness

Examples

= [z|P, p>2

Local Curvature Estimator
2Dy (x; )
IV f(x) = V[l

Az, 2') =

Accel. GRAAL Parameters

A4+Y)1k—1
Hy—1+(1+7)nk—1
A = min{A(Zx, Zx), ATk, Tr—1)}
vHy oAy
Mk —2

Q =

Nk = miﬂ{(l + )15
k
Hy = Zi:om, Br = a;”f{k




(Lo, L1)-Smooth Functions

(Lo, L1)-Smoothness (Zhang et al., 2019)
IV?f(@)|| < Lo + L1 ||V ()|
Covers L-smooth functions (Lo = L, L; = 0)

More realistic than L-smoothness

Examples
z = ||z||P, p =2
x> exp((a,z)), a € R?

Local Curvature Estimator
2Dy (x; )
IV f(x) = V[l

Az, 2') =

Accel. GRAAL Parameters

A4+Y)1k—1
Hy—1+(1+7)nk—1
A = min{A(Zx, Zx), ATk, Tr—1)}
vHy oAy
Mk —2

Q =

Nk = miﬂ{(l + )15
k
Hy = Zi:om, Br = a;”f{k




(Lo, L1)-Smooth Functions

(Lo, L1)-Smoothness (Zhang et al., 2019)
IV2f ()]l < Lo + L1 ||V f ()]

Covers L-smooth functions (Lo = L, L; = 0)
More realistic than L-smoothness

Examples
z = )P, p=>2
x> exp((a,z)), a € R?
x + In(1 + exp({a, z))), a € R?

Local Curvature Estimator
2Dy (x; )
IV f(x) = V[l

Az, 2') =

Accel. GRAAL Parameters

A4+Y)1k—1
Hy—1+(1+7)nk—1
A = min{A(Zx, Zx), ATk, Tr—1)}
vHy oAy
Mk —2

Q =

Nk = miﬂ{(l + )15
k
Hy = Zi:om, Br = a;”f{k




Key Lemmas

Lemma 7 (Borodich and Kovalev, 2025)

At least one of the following options holds:

Local Curvature Estimator
2Dy (x; )
IV f(x) = V[l

Az, 2') =

Accel. GRAAL Parameters

A4+ 1k—1
Hy—1+(1+7)nk—1
Ar = min{A(Zx, Zx), ATk, Tr—1)}
vHy oAy
Mk —2

Q =

Nk = miﬂ{(l + )15
k
Hy = Zi:om, Br = a;”f{k




Key Lemmas

Lemma 7 (Borodich and Kovalev, 2025)

At least one of the following options holds:
Ay > const/Lg

Local Curvature Estimator
2Dy (x; )

Az, 2') = m

Accel. GRAAL Parameters

(I+y)nk—1
Hy—1+(1+7)nk—1

Ar = min{A(Zx, Zx), ATk, Tr—1)}
VHk—QAk}

Q =

Mk —2

Nk = miﬂ{(l + )15
k
Hy = Zi:om, Br = a;”f{k




Key Lemmas

Lemma 7 (Borodich and Kovalev, 2025)
At least one of the following options holds:

Ay > const/Lg

Ag > const/ max{ L[|V f(Zx)ll, L1V f (Zr—1) |}

Local Curvature Estimator
2Dy (x; )

Az, 2') = m

Accel. GRAAL Parameters

(I+y)nk—1
Hy—1+(1+7)nk—1

Ar = min{A(Zx, Zx), ATk, Tr—1)}
VHk—QAk}

Q =

Mk —2

Nk = miﬂ{(l + )15
k
Hy = Zi:om, Br = a;”f{k




Key Lemmas

Lemma 7 (Borodich and Kovalev, 2025)
At least one of the following options holds:
Ay > const/Lg
Ay > const/ max{ L[|V f(Zx)[|, L1 ||V f(Zr-1) |}
Ay, > const/ max{L3D ¢ (T, Ty ), LD ¢ (T—1, Tx—1)}

Local Curvature Estimator
2Dy (x; )
IV f(x) = V[l

Az, 2') =

Accel. GRAAL Parameters

A4+ 1k—1
Hy—1+(1+7)nk—1
Ar = min{A(Zx, Zx), ATk, Tr—1)}
vHy oAy
Mk —2

Q =

e = miﬂ{(l +Y)Mk—1,
k
Hy = Zi:om7 Br = a;”f{k




Key Lemmas

Lemma 7 (Borodich and Kovalev, 2025)

At least one of the following options holds:
Ay > const/Lg
Ay > const/ max{ L[|V f(Zx)[|, L1 ||V f(Zr-1) |}
Ay, > const/ max{L3D ¢ (T, Ty ), LD ¢ (T—1, Tx—1)}

Lemma 5 (Borodich and Kovalev, 2025)

S (D4 (Fi, ) + |V f(z:)[|?) < D?

Local Curvature Estimator
2Dy (x; )
IV f(x) = V[l

Az, 2') =

Accel. GRAAL Parameters

A4+ 1k—1
Hy—1+(1+7)nk—1
Ar = min{A(Zx, Zx), ATk, Tr—1)}
vHy oAy
Mk —2

Q =

Nk = miﬂ{(l + )15
k
Hy = Zi:om, Br = a;”f{k




Key Lemmas

Lemma 7 (Borodich and Kovalev, 2025)

At least one of the following options holds:
Ay > const/Lg
Ay > const/ max{ L[|V f(Zx)[|, L1 ||V f(Zr-1) |}
Ay, > const/ max{L3D ¢ (T, Ty ), LD ¢ (T—1, Tx—1)}

Lemma 5 (Borodich and Kovalev, 2025)
S (0D (34, ) + 02|V f () [|?) < D?

¢ Lemmas 5 and 7 allow to upper-bound the number
of iterations where A, < const/Lg

Local Curvature Estimator

2Dy (x; )
IVf(z) = V)

A(z,2') =

Accel. GRAAL Parameters

A4+Y)1k—1
Hy—1+(1+7)nk—1
A = min{A(Zx, Zx), ATk, Tr—1)}
vHy oAy
Mk —2

Q =

N = mln{(l + '7)"719*17
k
Hy =g Pr = 3l




Key Lemmas

Lemma 7 (Borodich and Kovalev, 2025)

At least one of the following options holds:
Ay > const/Lg
Ay > const/ max{ L[|V f(Zx)[|, L1 ||V f(Zr-1) |}
Ay, > const/ max{L3D ¢ (T, Ty ), LD ¢ (T—1, Tx—1)}

Lemma 5 (Borodich and Kovalev, 2025)
S (0D (34, ) + 02|V f () [|?) < D?

¢ Lemmas 5 and 7 allow to upper-bound the number
of iterations where A, < const/Lg

¢ This allows to lower-bound H;,

Local Curvature Estimator

2Dy (x; )
IVf(z) = V)

A(z,2') =

Accel. GRAAL Parameters
_ (I4y)me—
Ok = Hk—l""(l"l‘];):%—l
A = min{A(Zx, Zx), ATk, Tr—1)}

B . vHy oAy
e = mln{(l +Y)Mk-1, T}

k
Hy =g Pr = 3l




Main Result

Theorem 3 (Borodich and Kovalev, 2025) Local Curvature Estimator

LetnoLo exp(Ly [|@o—a*|)) < 1. Then D = O(||zo—z*|)) _ 2Dy(w)
and the following inequality holds: IVf(z) = V)]

Az, 2') =

2 ‘ 2
Hg > % [K = (1+ IiD%) - (1 + LiD?) 1H[nolLoH Accel. GRAAL Parameters

0
(I+y)nk—1
Hk,1+(1+’y)77k—1
Ay = min{A(Zx, Tr), ATk, Tr—1)}
VHp oAy
Nk—2

Q =

e = miﬂ{(l +¥) k-1,
Ik
Hy = Zi:(ﬂ)u Br = a;”;{k




Main Result

Theorem 3 (Borodich and Kovalev, 2025) Local Curvature Estimator

Let T}()LO GXp(LlHl'OffL'*H) <1.ThenD = O(Hlof"L*H)
and the following inequality holds:

2Dy (x; )
IVf(z) = V@)

A(z,2') =

2 ‘ 2
Hy > —|K = (1+ LiD*) - 1+ LiD")In| 7] |”  Accel. GRAAL Parameters

0
_ A4+y)mm—
. O = F KL
Corollary 3 (Borodich and Kovalev, 2025) Ay = min{A(Zx, T), A(Zx, Tr—1)}
Toreach precision f(Zx) — f* < ¢, the following num- e = min{(l FIpT—— VHk,_gAk}
ber of iterations is sufficient: P M2

Hk; = Z,]'c_oni- Bk
33 4 212 = “ H
K:O[1+\/L0T2/6+L1@ (HLD)IH[%LOH o



Comparison with AC-FGM and Ada-NAG

Corollary 3 (Borodich and Kovalev, 2025)

Let noLoexp(L1D) < 1. Then D = O(||zo — x*||), and Accelerated GRAAL has the following
iteration complexity:

K= (9[1 + /LoD2/e + L3D® + (1 + L2D?) m{nol—%”



Comparison with AC-FGM and Ada-NAG

Corollary 3 (Borodich and Kovalev, 2025)

Let noLoexp(L1D) < 1. Then D = O(||zo — x*||), and Accelerated GRAAL has the following
iteration complexity:

K:O[1+\/%T2/6+L?D3+(1+L¥DQ)1H{ : ”

noLo

Comparison with AC-FGM and AdaNAG:
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Let noLoexp(L1D) < 1. Then D = O(||zo — x*||), and Accelerated GRAAL has the following
iteration complexity:

K = O[1+/LoD?/e + LiD® + (1+ L3D?) In| 4] |

Comparison with AC-FGM and AdaNAG:

e We can ensure 1y Lo exp(L1||zo — =*||) < 1 by choosing a very small 7y at the cost of
logarithmic factors
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Corollary 3 (Borodich and Kovalev, 2025)

Let noLoexp(L1D) < 1. Then D = O(||zo — x*||), and Accelerated GRAAL has the following
iteration complexity:
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Comparison with AC-FGM and AdaNAG:

e We can ensure 1y Lo exp(L1||zo — =*||) < 1 by choosing a very small 7y at the cost of
logarithmic factors

e Liand Lan (2025) perform a line search at the first iteration of AC-FGM instead




Comparison with AC-FGM and Ada-NAG

Corollary 3 (Borodich and Kovalev, 2025)

Let noLoexp(L1D) < 1. Then D = O(||zo — x*||), and Accelerated GRAAL has the following
iteration complexity:

K = O[1+/LoD?/e + LiD® + (1+ L3D?) In| 4] |

Comparison with AC-FGM and AdaNAG:

e We can ensure 1y Lo exp(L1||zo — =*||) < 1 by choosing a very small 7y at the cost of
logarithmic factors

e Liand Lan (2025) perform a line search at the first iteration of AC-FGM instead

e Noresults under (Lg, L1)-smoothness for AC-FGM (Li and Lan, 2025) and AdaNAG (Suh
and Ma, 2025)




Comparison with AC-FGM and Ada-NAG

Corollary 3 (Borodich and Kovalev, 2025)

Let noLoexp(L1D) < 1. Then D = O(||zo — x*||), and Accelerated GRAAL has the following
iteration complexity:

K = O[1+/LoD?/e + LiD® + (1+ L3D?) In| 4] |

Comparison with AC-FGM and AdaNAG:

We can ensure g Lg exp(L1||zo — z*||) < 1 by choosing a very small 7, at the cost of
logarithmic factors

Liand Lan (2025) perform a line search at the first iteration of AC-FGM instead

No results under (Lg, L1 )-smoothness for AC-FGM (Li and Lan, 2025) and AdaNAG (Suh
and Ma, 2025)

Adaptation at a geometric rate is crucial, as A, may be exponentially small,
Ay > exp(—3L;D) (Borodich and Kovalev, 2025, Lemma 6)
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Algorithm Complexity Remarks
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Complexity
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(Vankov et al., 2024)
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(Gasnikov and Nesterov, 2016) 0 X \/1 + LiDexp(L1D) X Not o ti?\’]i';
(Gorbunov et al., 2024) € P
AdGD LaD? v Adapti
. ) 0 6 aptive
(Malitsky and Mishchenko, 2020) + (L1D) .
(Gorbunov et al., 2024) X Non-accelerated
LyD? = i
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v Optimal
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Algorithm Complexity Remarks

Similar Triangles Method [ L. D2 X Non-adaptive
(Gasnikov and Nesterov, 2016) 0 X \/1 + LiDexp(L1D) X Not o tiFr)naI
(Gorbunov et al., 2024) € p

. AdvGD LoD?
(Malitsky and Mishchenko, 2020)
(Gorbunov et al., 2024)

v Adaptive

6
+ (L1D) X Non-accelerated

€
AGMsDR LyD? 5/3 X Non-adaptive
(Vankov et al., 2024) Ve T (Z1D) v Optimal
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Comparison with Algorithms for (L, L;)-smooth Functions

Algorithm Complexity Remarks
Similar Triangles Method [1,. D2 X Non-adaptive
(Gasnikov and Nesterov, 2016) 0 x /14 L Dexp(L1D) X Not o ti?\’]i';

(Gorbunov et al., 2024) € P
AdGD LyD? v Adapti
. ) 0 6 aptive
(Malitsky and Mishchenko, 2020) + (L1D)
(Gorbunov et al., 2024) € X Non-accelerated

AGMsDR LoD 5/3 X Non-adaptive

(Vankov et al., 2024) . T (Z1D) v Optimal
AGD LoD? 2 X Non-adaptive

(Tyurin, 2025) = (L1D) v Optimal

Accelerated GRAAL LyD? + (L, D) v Adaptive

(Borodich and Kovalev, 2025) € ! v Optimal
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