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Introduction



Optimization

Optimization Problem
min
x∈Rd

f(x)

• f(x) : Rd → R – differentiable
objective function

• x∗ ∈ Rd – solution, f∗ = f(x∗)

Example: Empirical RiskMinimization

f(x) = 1
N

N∑
i=1

ℓ(bi, h(ai;x))

• i-th data sample: ai ∈ A – feature vector,
bi ∈ B – target variable

• h(a;x) : A× Rd → B –MLmodel,
parameterized by vector x ∈ Rd

• ℓ(b, b′) : B × B → R – loss function

First-Order OptimizationMethods

• Perform iterative updates using f(xk) and∇f(xk)

• Simplest example – GD: xk+1 = xk − η∇f(xk), η > 0 – stepsize
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ConvexOptimization

Optimization Problem
min
x∈Rd

f(x)

• f(x) – convex function

Why Convexity?

• Inspiration for efficient optimizationmethods: GDwithmomentum, AdaGrad/Adam, etc.
• Deep neural networksmay adhere to convexity or its relaxations (star/quasar convexity) in
practice (Kleinberg et al., 2018; Zhou et al., 2019)

• It is not possible to obtainmeaningful convergence guarantees with respect to the
objective function gap, f(x)− f∗ ≤ ϵ, in the general non-convex case; only first-order
stationarity, ‖∇f(x)‖ ≤ ϵ, can be guaranteed
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AdaptiveMethods



Non-AdaptativeMethods

Gradient Descent
xk+1 = xk − ηk∇f(xk)

• SlowO(1/k) rate forL-smooth convex functions
• ImprovedO(1/k2) rate if Nesterov acceleration is used (Nesterov, 1983)

Issues with GD and Accelerated GD: requires tuning stepsize ηk

• Globally with hyperparameter tuning
• At each iteration with line-search
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AdaGrad-typeMethods

AdaGrad (scalar-stepsize vaiant)
(Duchi et al., 2011)

ηk = η ·
[∑k

i=0‖∇f(xi)‖2
]−1/2

xk+1 = xk − ηk∇f(xk)

Significance of AdaGrad
AdaGradwas a baseline in the development of

• RMSProp (Tieleman, 2012)
• Adam (Kingma and Ba, 2014)

Issues with AdaGrad:

• Stepsize ηk is always non-increasing
• Cannot truly adapt to the local curvature of f(x)

Universality of AdaGrad
(Orabona, 2023)

• Adapts to different levels of
smoothness, i.e., ν-Hölder
smoothness with ν ∈ [0, 1]

• With a single choice of the
stepsize η ∝ ‖x0 − x∗‖
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Algorithmswith Local Curvature Estimators

GRAAL (Malitsky, 2020)

ηk = min

{
(1 + γ)ηk−1,

νΛ2(xk, xk−1)

ηk−2

}
xk+1 = xk − ηk∇f(x̂k), x̂k = xk + θ(xk − xk−1)

AdGD (Malitsky andMishchenko, 2020)

ηk = min

{√
1 +

ηk−1

ηk−2
ηk−1, νΛ(xk, xk−1)

}
xk+1 = xk − ηk∇f(xk)

Issues with GRAAL and AdGD:

• NoNesterov acceleration andO(1/k2) rate
• SlowO(1/k) rate forL-smooth convex functions

Local Curvature Estimator

Λ(x, x′) =
‖x− x′‖

‖∇f(x)−∇f(x′)‖

• local estimator of the inverse
gradient Lipschitz constant
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Accelerated Algorithmswith Local Curvature Estimators
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Issues with AC-FGM:

• Allows only sub-geometric growth of stepsize:
ηk ≤ kη0

• GRAAL allows geometric growth of stepsize:
ηk ≤ (1 + γ)kη0

• Sub-geometric adaptation speed is insufficient
• AdaNAG (Suh andMa, 2025) has similar issues

Local Curvature Estimator

Λ(x, x′) =
2Df (x;x

′)

‖∇f(x)−∇f(x′)‖

• local estimator of the inverse
gradient Lipschitz constant for
convex functions

GRAAL Stepsize
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{
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2
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}
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GRAALwith Nesterov
Acceleration



GRAAL Extrapolation andNesterov Acceleration

GRAAL (Malitsky, 2020)

• gradient step: xk+1 = xk − ηk∇f(x̂k)

• extrapolation: x̂k+1 = xk+1 + θ(xk+1 − xk)

Acceleration Framework (Borodich et al., 2025)

• Replace objective function f(x)with
fk(x) = α−1

k f(αkx+ (1− αk)x̄k)

where x̄k ∈ Rd and αk ∈ (0, 1]

• Choose x̄k+1 = αkx̂k + (1− αk)x̄k

Local Curvature Estimator

Λ(x, x′) =
2Df (x;x

′)

‖∇f(x)−∇f(x′)‖

GRAAL + Acceleration
x̄k+1 = αkx̂k + (1− αk)x̄k, x̂k+1 = xk+1 + θ(xk+1 − xk), xk+1 = xk − ηk∇f(x̄k+1)
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Problem: How to Choose ηk and αk?

Restrictions on ηk and αk (from analysis)

• Upper bound on the stepsize ηk:

ηk ≤ ν(1− αk)

αk
· Λ(x̄k, x̄k+1)

• Parameters ηk and αk must satisfy the following:
ηk
αk

≤ ηk−1

αk−1
+ ηk

Issues with parameters ηk and αk:

• Not possible to choose αk adaptively
cyclic dependency: ηk← x̄k+1← αk← ηk

• Li and Lan (2025) choose αk = 2/(k + 2) in AC-FGM
non-adaptive, implies sub-geometric growth of ηk

Local Curvature Estimator
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Accelerated GRAAL: Convergence Analysis

Accelerated GRAAL Stepsize

ηk = min

{
(1 + γ)ηk−1,

νHk−2Λk

ηk−2

}
Hk =

∑k
i=0ηi, Λk = min{Λ(x̄k, x̃k),Λ(x̄k, x̃k−1)}

Theorem 1 (Borodich and Kovalev, 2025)
There exist universal constants θ, γ, ν > 0 such that

1
2‖xK − x‖2 +HK−1(f(x̄K)− f(x))

≤ 1
2‖x0 − x‖2 + (1+γθ)

2 η20‖∇f(x0)‖2

• Allows geometric growth of the stepsize:
ηk ≤ (1 + γ)kη0

• Accelerated stepsize: η2k ≲ Λ ·
∑k

i=0 ηi

Local Curvature Estimator
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Convergence Analysis
for (L0, L1)-Smooth
Functions



(L0, L1)-Smooth Functions

(L0, L1)-Smoothness (Zhang et al., 2019)

‖∇2f(x)‖ ≤ L0 + L1‖∇f(x)‖

• CoversL-smooth functions (L0 = L,L1 = 0)
• More realistic thanL-smoothness

Examples

• x 7→ ‖x‖p, p ≥ 2

• x 7→ exp(〈a, x〉), a ∈ Rd

• x 7→ ln(1 + exp(〈a, x〉)), a ∈ Rd

Local Curvature Estimator

Λ(x, x′) =
2Df (x;x

′)

‖∇f(x)−∇f(x′)‖

Accel. GRAAL Parameters

αk = (1+γ)ηk−1

Hk−1+(1+γ)ηk−1

Λk = min{Λ(x̄k, x̃k),Λ(x̄k, x̃k−1)}

ηk = min
{
(1 + γ)ηk−1,

νHk−2Λk

ηk−2

}
Hk =

∑k
i=0ηi, βk = ηk

αkHk
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Key Lemmas

Lemma 7 (Borodich and Kovalev, 2025)
At least one of the following options holds:

• Λk ≥ const/L0

• Λk ≥ const/max{L1‖∇f(x̃k)‖, L1‖∇f(x̃k−1)‖}
• Λk ≥ const/max{L2

1Df (x̄k, x̃k), L
2
1Df (x̄k−1, x̃k−1)}

Lemma 5 (Borodich and Kovalev, 2025)∑K
i=1(ηiDf (x̄i, x̃i) + η2i ‖∇f(xi)‖2) ≤ D2

• Lemmas 5 and 7 allow to upper-bound the number
of iterations whereΛk < const/L0

• This allows to lower-boundHk
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Main Result

Theorem 3 (Borodich and Kovalev, 2025)
Let η0L0 exp(L1‖x0−x∗‖) ≤ 1. ThenD = O(‖x0−x∗‖)
and the following inequality holds:

HK ≥ c2

L0

[
K −

(
1 + L3

1D3
)
−
(
1 + L2

1D2
)
ln
[

1
η0L0

]]2

Corollary 3 (Borodich and Kovalev, 2025)
To reach precision f(x̄K)− f∗ ≤ ϵ, the following num-
ber of iterations is sufficient:

K = O
[
1 +

√
L0D2/ϵ+ L3

1D3 +
(
1 + L2

1D2
)
ln
[

1
η0L0
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Comparisonwith AC-FGM and Ada-NAG

Corollary 3 (Borodich and Kovalev, 2025)
Let η0L0 exp(L1D) ≤ 1. Then D = O(‖x0 − x∗‖), and Accelerated GRAAL has the following
iteration complexity:

K = O
[
1 +

√
L0D2/ϵ+ L3

1D3 +
(
1 + L2

1D2
)
ln
[

1
η0L0

]]

Comparisonwith AC-FGM and AdaNAG:

• We can ensure η0L0 exp(L1‖x0 − x∗‖) ≤ 1 by choosing a very small η0 at the cost of
logarithmic factors

• Li and Lan (2025) perform a line search at the first iteration of AC-FGM instead
• No results under (L0, L1)-smoothness for AC-FGM (Li and Lan, 2025) and AdaNAG (Suh
andMa, 2025)

• Adaptation at a geometric rate is crucial, asΛk may be exponentially small,
Λk ≥ exp(−3L1D) (Borodich and Kovalev, 2025, Lemma 6)
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andMa, 2025)

• Adaptation at a geometric rate is crucial, asΛk may be exponentially small,
Λk ≥ exp(−3L1D) (Borodich and Kovalev, 2025, Lemma 6)
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